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[12%)] Determine whether each of the following statements is True or False.

(a) There is a tree with degrees 3,2,2,2,1,1,1,1,1.

(b) In a group of five persons, at least two of them have the same number of
friends in this group.

(c) Let 2€S, and let x—yeS if X,yeS. Then S is the set of all even integers. _

(d) If the composite function fog is a bijection, then the function f must be
one-to-one and the function g must be onto.

(e) If ac = bc (mod m), then a = b (mod m).

25

() VxVy P(xy) = Q(x,y), where P(x,y) means “x>y,” Q(X,y) means “x*>y%,” and

the universe of discourse is the set of all non-negative integers.

[24%] Fill in the blanks in the following statements.

(a) If a forest F consists of 9 trees and 69 vertices, then F has _ (1)  edges.

(b) There canbe _ (2)  different equivalence relations on the set {a, b, c, d}.

(¢) The number of bit strings of length six with no five consecutive Os is _(3) .

(d) There are _ (4) ways to select two numbers from {1,2,3,4,5,6,7} so that
the sum is even, e.g., {1,1} and {2,4}.

(e) 7*" mod 180= _ (5) .

(f) The big-O estimate for f(n) = (n! + 5")(n"+ log(n!) + 5") = O(__(6) ) by
using a simple function of the smallest order.

(g) There are _ (7)  consecutive Os at the end of the binary expansion of 80!.

(h) Given the matrices A, B, C, D with sizes 6x10, 10x5, 5x2, 2x3 respectively,

the most efficient way to compute the product ABCD is _ (8) .
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[7%] Consider the game rule: “Given 17 stones in a pile, two players take turns

removing 1, 2, or 3 stones, and whoever takes the last stone loses.” Design a

strategy to guarantee one player a win and show your answer step by step.

[7%] Draw the ordered rooted tree that corresponds to the arithmetic expression:
*/84+*75 -6 3, which is written in prefix notation. Then, rewrite this

expression in postfix notation and compute the value.

[1296] X(t+1)=AX(t), with X(0)= m A= 1/5B _43}

Determine  X(10)

[10%] Orthogonally diagonalize A and determine A°

2 1
but A=
1 2

[10%] Transform uj, up, u; to an orthonormal vectors vi, v, vi3 under the
Euclidean inner product using the Gram-Schmidt process (beginning from u;).

ulz(laoa O)J u2:(1717 1)7 u3:(0’25 1)

[8%] Determine a 2D transformation matrix (A) that is a concatenation of

reflection to y-axis, followed by a rotation of 30 degree. Also determine A™.

[10%)] Determine the kernel space and the range of the linear transformation
T(X), but T(X)=AX,

1 -1 2 =2



