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1. [42%]Fill in the blanks in the following problems.

A.

If a and b are integers and m is a positive integer, then a is congruent to b
modulo m if mdivides a-b. We use the notation a °© b(mod m) to indicate
that a is congruent to b modulo m. Let A={1,2,3,4,5,6,7,8} and relations

R, ={(xy) [x° y(mod2),x, yI A}, R, ={(x,y)|x° y(mod3),x,yl A,
the set of equivalence classes inducedby R.on A=__ (1) ; the number

of elementof RR=__ (2) ; R_CR,=__ (3) .

Let L(x) and H(X) be the statements “x is large” and “x is a humminghbird”,
respectively. Assuming that the universe of discourse is the set of all birds.
The statement “Hummingbirds are all small.” can be expressed as a
logical expression involving predicates, quantifiers and logical connectives
a__ (4 .
If A={ab,c,d} and B={1,2,3}, then (a) thereare___ (5)  functions from
AtoB; (b) thereare _ (6) injective functions; and thereare __ (7)
surjective functions.
Let S={3,7,11,15,19,...,95,99,103} . How many elements must we select
from Sto insure that there will be at least two whose sum is 110?
Answer=__ (7) .
Thereare __ (8)  linear arrangements of 9 lettersin CHUNGY UAN.
The generating function for the sequence 1%, 22, 32,...is__ (9) .
The solution for the recurrence relationa, = a, ; +(n-1) ,n% 2, a, =5
is_ (100 .
Let a,a2,a3,... be the integer sequence defined by recursively by (a) a;=1;
and (b) foral nl Z*,wheren3 2, a =2a, ,thenag=__ (11) .

&zt
Given abig-O estimate for f (n) = nlog(n!) +n? +(sn n)* use asimple
function of smallest order, f(n)=__ (12) .
Let T=(V,E) be acomplete 3-ary tree with 34 internal vertices. Then T

has  (13) vertices and (14) |leaves.

2. [8%]Supposethat f:Z* ® R withf(1)=7, and f(n):4f(g)+7 , for n=3%,

k1 z*. Solvefor f(n) relativeto theset S={3" |kT N}.



3. [5%] The following sets of vectors are linearly dependent?
(@ u=(10, 11, 15, -4), v=(4,5,6, -1), x=(2,2,3, -1)

(b) u=(1,0, 100), v=(9,9,10) , w=(7,8,14), x=(7,8,9)

(©) u=(1,2,4), v=(4,5,6), w=(7,11,18)

(d) u=(10,11,15, 4), v=(4,5,6, 2), x=(2,2,3, 1)

(6) U1=3- X4, Up=3+2X%, Uz=X + 3%

4.[10%)] Transform u, W, Uz, W to anorthonormal basis vi, Vo, V3, va under the Euclidean
inner product using the Gram-Schmidt process (beginning from w). w=(3, 0, 0, 0), w=(0,
-2,0,0), w=(0,-2, 2, 2), wL=(0, 0, -1, 3).

& 4 0 1
5. [15%] For alinear transformation AX=W, (from R to R*)) A= gL 2 -1 23
0 -1 2 34

Write the kernel (a vector space in which the vectors are transformed to the zero vector.)
and the range (a vector space that includes all transformed vectors but no other vectors.).

6. [20%] (a) Determine a P to orthogonally diagonalize the matrix B and (b) Solve the
system of differential equations.

(@ (b)
61 -1 1y YE=Yi-Y, +Y;
B=g—1 1 _18 Y$=-Yi tY,- Vs
g1 -1 1§ Y$=Yi- Y2t Vs

initial values fory,,y,,y;are0,1,-1



