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1. The Hamiltonian of a one-dimensional simple harmonic oscillator is
2 2

m : . . / .
H=P_ MY 2 It is convenient to define to two operators a = mofy viP ,
2m 2 2h

/m . o i
a’ = Tz)(x—lij known as the annihilation operator and the creation operator.
Mo

(@) Please show that [a,a”]=1 and H :ha)(a*a+%).(5%)
(b) We define the number operator N =a‘a. It is obvious that H = hw(N +%) . The

eigenstate of N is denoted as |n) suchthat N|n)=n|n). Please show that

aln) = \/ﬁ|n -1), a’[n)=vn+1n+1). (5%)
(c) Please show that n must be a nonnegative integer. (5%)

(d) (n|(Ax)?|n) =(n|x?|n)—((n[x|n))?, (n|(Ap)?|n) =(n|p?In)—((n|p|n))?. Please show

that ((Ax)*)((Aap)*) = (n +%)2h2. (5%)

(e) In the Heisenberg picture, the operators are functions of time. Please show that

IO()

X(t) = x(0)cos ot + —= sm wt, p(t)=—max(0)sinwt + p(0)cosat . (5%)
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2. From Schrodinger equation: ih% = —h—sz//(x,t)+V(x)y/(x,t).

2m

(a) Please show that %’0+V-T:O,here T(x,t):%lm(y/*vw) and p=|://(x,t)|2.

(6%)
(b) Let us write w(x,t) as w(x,t)=+/po(x,t) exp[

'S(;’t)} . Please show that

ity =2vs . (6%)
m
(c) If we substitute y by +/pe®’", please show that the classical limit (7 — 0) of

 if h‘VZS‘ <<|vs|". (6%)

Schrddinger equation is i|Vs|2 +V(X) + oS(x1) _
2m ot

(d) Under partial wave expansion, the wave function at large distance becomes:

ikr )

LRI P(cose) e” e
w(x) on )3,22(26 D {Sﬁ(k) .

} . Please show that

S, (k)| =1 according to the probability conservation. (7%)



PRAE QT E L R X
97/06/04 08:30~10:00 32 &8 X
B gE3pm (£ 4 %% 3F)

(Jr g * 38wz 274282 5 £y | GRS

: . 01 0 —i 1 0
3. Pauli matrices are o, = , Oy =] . , 0, = :
10 i 0 -1

(a) Please show that {o;,0,}=26;, [0;,0,]="2ig0,. (6%)

(b) The 2x2 matrix representation of the rotation operator (A, ¢) is

exp(— 'Z 1 5) . Please show that
6 . . b . ¢
i cos——in,sin= (-in, —n )sin= e
exp(— 2N gy = 2 é ’ ’ é and exp( ': Ny =-1
(—inx+ny)sin§ cosE+inZsinE =21

forany n. (6%)

() s :25. Please obtain |A,+) which satisfies s-A|fi,+) :g|ﬁ,+>. (6%)

(d) Please describe how to apply spin precession to demonstrate thata 4z rotation is
needed for the ket to return the original ket with the same sign. (7%)
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4. The electron in the hydrogen subjected to a uniform electric field in the positive

2

z-direction is described by the following Hamiltonian: H=H,+V . H, =2p—+vc(r),
m
V =—glE[z. V,(r) is the Coulomb potential. Electric field strength is weak and V can

be treated as perturbation.

(a) Please show that the 1 order energy shift vanishes for the ground state. (6%)

(b) The 2,4 order energy shift can be written as _71045‘2 , here

2
a0

1 ¢?
—0 co Py
= EP-EY”

. Please prove that « < Eag .(Hint: E? =——.—,
3 n° 2a,

(r)=a2.) (6%)

(c) For the first excited state (n = 2), there are four degenerate states |2s), [2p,m=0),

|2p,m=1), |2p,m=-1). Please show the only nonvanishing matrix elements are

(2p,m=0V|2s) and (2sV[2p,m=0). (6%)
(d) Please show that the zeroth-order kets that diagonalize V are

_ 1 _ _oy o=t _o\— _ -
|+>_\/§(|Zs,m 0)+[2p,m=0)), |-) ﬁ(|23,m 0)—|2p.m=0)), [2p.m=+1),

|2 p,m= —1> and please draw their schematic energy-level diagram. (7%)



